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1 Introduction 

We study the uniform Holder continuity of the solutions of the following 
problem. 



Fix, Vvix), V 2 v(x)) - ( \v(x + z)-v(x) 



-l\ z \<i(Vv(x),z)]c(z)dz-g(x)=0 x G R w , (1) 

where c(z)dz is a positive Radon measure, called Levy density, defined on 
R N such that 

/ mm(\z\ 2 ,l)c(z)dz<C 1 , (2) 



§^<\ c ( z )\<t3^ V,GR N n{|z|<l}, (3) 



where 7 G (0, 2), Q > (l<i<3) are constants. We assume that there exists 
a "uniform" constant M > 1 such that for a constant 6 G [0, 1], 

\g(x) - g(y)\<M\x - y\ e ° \/x,yeR N , (4) 

and 

sup \v\ < M. (5) 
xeR N 

The second-order fully nonlinear partial differential operator F is continuous 
in R N xR N xS N , and assumed to satisfy the following two conditions. 
(Degenerate ellipticity) : 

F(x,p,X) > F(x,p,Y) if X<Y, 

Vx G R N , Vp G R N , VX, Y G S N . (6) 

(Continuity I) : There are modulus of continuity functions w and 7] from 
R + U {0} ->■ R + U {0} such that \im ai0 w(a) = 0, \im aio r](a) = 0, and 

\F(x,p,X) - F(y,p,X)\<w(\x - + V (\x - y\)\\X\\ (7) 

Vx, y G R N , Vp G R N , VX G S N , 

where g > 1. 
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We study this problem in the framework of the viscosity solutions for the 
integro-differential equations, the definition of which is introduced in Arisawa 
[5] (see also [6] and [7]). The definition is the following. In order to get rid 
of the singularity of the Levy measure, we shall use the following superjet 
(resp. subjet) and its residue. Let x G R N , and let (p,X) G J^«(x) (resp. 
(p, X) G J^ n m(£)) be a second-order superjet (resp. subjet) of u at x. Then, 
for any 5 > there exists e > such that 

u(x + z)<u(x) + (p, z) + ^(Xz, z) + 5\z\ 2 if \z\<e (8) 

(resp. 

v(x + z) > v(x) + (p,z) + -(Xz,z) - S\z\ 2 if \z\<e (9) 

2 

) holds. We use this pair of numbers (e,5) satisfying (8) (resp. (9)) for any 

(p, X) G J^u(x) (resp. (p, X) G J^v(x)) in the following definition of 
viscosity solutions. 



Definition 1.1. Let u G USC(R N ) (resp. v G LSC(R N )). We say that 
u (resp. v) is a viscosity subsolution (resp. super solution) of (1), if for any 
x G R N ; any {p,X) G J^u(x) (resp. G J^v(x)), and any pair of numbers 
(e, 5) satisfying (8) (resp. (9)), the following holds for any < e'<e 



F(x,p,X)- [ -((X + 25I)z,z)c{z)dz 

J\z\<e' 2 

/ Ki+«)-«(i)-iN<.Ml<<»H«P. 

J\z\>e' 



(resp. 



F{x,p, X) - f -({X- 25I)z, z)c{z)dz 

J\z\<e' 2 

[v(x + z) - v(x) - l\ z \<i{z,p)]c(z)dz > 0. 

\z\>e' 

If u is both a viscosity subsolution and a viscosity supersolution , it is called 
a viscosity solution. 

In the framework of the viscosity solutions in Definition 1.1, we have the 
existence and the comparison results in [5], [6] and [7]. For the convenience 
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of the readres, we shall give typical comparison results and the proof in §2 
in below. 



Then, we claim the uniform Holder continuity of u in the following two 

cases. 

(II) N > 2, and F satisfies the following uniform ellipticity. 
(Uniform ellipticity) : There exists Ao > such that 

F(x,p,X)-F(x,p,Y) > X (Y-X) if X<Y, 

g R N , Vp g R N , VX, Y e S N . (10) 

In the case of (I), we claim that for any 9 G (0,min{l,# + 7}) there exists 
Cg > such that 

\v(x)-v(y)\<C e \x-y\ e Vx,»/eR N (11) 

where Cg > depends only on M and C\. (See Theorem 3.1 in below.) In 
the case of (II), we claim that for any 9 G (0, 1), there exists Cg > such 
that (11) holds. (See Theorem 3.2 in below.) (These results hold for more 
general problem 

F(x, Vv(x), V 2 v(x)) + sup{— / [v(x + z) — v(x) 

—l\ z \ < i{Vv(x), z)]c(x, z, a)dz — g(x, a)} = x G R N , 
which we do not treat here.) 

As for the case other than (I) and (II), that is N > 2 and F is not 
necessarily uniformly elliptic (i.e. (10) is not satisfied), we study the following 
two problems in the torus T N instead of (1). The first one is, for A > 0, 

Xv(x) + H(Vv(x)) - J [v(x + z) - v(x) 

-lM< 1 {Vv(x),z)]c(z)dz-g(x) = x G T N . (12) 
And the second one is 

Xv( X ) + F{x, V«(x), Vv (x)) - / rn + ,) - v(x) 
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-l lz] ^{Vv(x),z)}c{z)dz - g{x) = x G T , (13) 

where A > 0. Here H is a first-order nonlinear operator, and F is a fully 
nonlinear degenerate elliptic operator, satisfying the following conditions. 
(Periodicity) : 

if(-,p), F(-,p,X), and g(-) are periodic in x G T N , 

for Vp G R N , VX G S N . (14) 
(Partial uniform ellipticity) : There exists a constant Ai > such that 



F(x,p,X) > F(x,p,Y) + XxTriY'-X') \/x G T N , Vp G 

vx,y e s^, x=f f * 12 V y=f^ M, (is) 



where X'<Y'(X', Y' G S ), < M<N. 

(Continuity II) : There are modulus of continuity functions w' and rf from 
R+ U {0} ->■ R+ U {0} such that lim^ w'(a) = 0, lim CT ; rj'(a) = 0, and 

\F(x,p,X) - F(y,p,X)\<w'(\x - y\)\pf + rf(\x - y\)\\X'\\ 
Vx, y G T N , Vp = (p',p") G R M x R m , VX = f f * 12 ) G S w , 

\ A 21 ^-22 / 

where I'eS M , M + m = N, q' > 1. (16) 

Roughly speaking, we claim that for any 9 G (0, 6>o) (#o > 0), there exists 
Ce > such that 

K*)-^)l<y|x-^ Vx, y G T N , (17) 

where Ce > is independent on A > 0. (See Theorems 4.1 and 4.2 in be- 
low.) The method to derive the above uniform Holder continuity (11) and 
the Holder continuity (17) is based on the argument used in the proof of the 
comparison result. (See Ishii and Lions [20], for the similar argument in the 
PDE case.) 



5 



Next, we shall state the strong maximum principle for the Levy operator. 
In [18], for the second-order uniformly elliptic integro-differential operator 



N _ d 2 v N - dv r 
~ E aij dx dx- ~^ bi dx~ ~L^ v(yX + Z ^~ v(yX ^ ~ ( Vv ( x )' z )} c ( x , z ) dz 

i,j = l * 3 i= 1 



I6R N 



the strong maximum principle was given, where \ I<(aij)i <i j < ]y<A I (0 < 
Ao^Ao). See also, Cancelier [13] for another type of the maximum principle. 
Here, we shall give the strong maximum principle in R N without assuming 
the uniform ellipticity of the partial differential operator F in (1) (see The- 
orem 5.1 in below, and M. Arisawa and P.-L. Lions [9]). 

Finally, we shall apply these regularity results (11), (17) and the strong 
maximum principle, to study the so-called ergodic problem. In the case of 
the Hamilton- Jacob i-Bellman (HJB) operator 

N d 2 u N du 

su p{- E a iA x , °0 -5—57- - E M x > a )j^r- /( x > 

ot&A i,j=l UX^UXj UXi 

the ergodicity of the corresponding controlled diffusion process, for example 
in the torus T N = R N \Z N , can be studied by the existence of a unique 
real number df such that the following problem admits a periodic viscosity 
solution u : 



N d 2 u N du 
d f + sup{- a iA x i a )7T~n E a )a f( x > «)} = x E T N . 

a&A i,j=l OXiOXj i=1 OXi 



We refer the readers to M. Arisawa and P.-L. Lions [8], M. Arisawa [2], [3], for 
more details. From the analogy of the diffusion case, here we shall formulate 
the ergodic problem for the integro-differential equations as follows. 

(Ergodic problem) Is there a unique number df depending only on f(x) 
such that the following problem has a periodic viscosity solution u(x) defined 
on T N ? 

d f + F(x, Vu, V 2 u) - J [u(x + z) 

-u{x) - l\ z \< 1 (Vu{x),z)\c{z)dz - f(x) = x G T N . 
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The results on the existence of the above number df is stated in Theorem 
6.1 in below. 



2 Comparison results 

In this section, we give some typical comparison results for the integro- 
differential equations in the framework of the solution in Definition 1.1. We 
consider 

Xu + Fix, Vw, V 2 u) — I u(x + z) — u(x) 

Jrn 

-l\ z \<i(z,Vu(x))q(dz)=0 in fi, (19) 

where A > 0, and Q is a bounded domain in R N , with either the Dirichlet 
B.C.: 

u(x) = g(x) \/x e tt c , (20) 

or the Periodic B.C.: 

fi = T N = R N \Z N , u{x) is periodic in T N , (21) 

where g is a given continuous function in Q c . The second-order partial def- 
ferential operator F is degenerate elliptic, which satisfies 

(Degenerate ellipticity) (cf. [16] (3.14)): There exists a function w(-): 
[0, oo) ->■ [0, oo), w(0+) = such that 

F(y,r,p,Y) - F(x,r,p, X)<w{a\x - y\ 2 + \x - y\(\p\ + 1)) (22) 

for x,y G Q, r G R, p G R N 
for any a > 0, and for any 1,7 6 S N such that 

-3«(^H*_° y )^(V/)- m 

For the above, we have the following results. 
Theorem 2.1 
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Assume that n is bounded, and that (2), (22) hold. Let u G USCiR™) 
and v G LS'C(R N ) be respectively a viscosity subsolution and a super solution 
of (19) in Q, which satisfy u<v on Q c . Then, 

u<v in Q. 



Theorem 2.2 

Let Q = T N . Assume that (2), (22) hold and that F is periodic in 
x G T N . Letue USC(T N ) and v G LSC(T N ) be respectively a viscosity 
subsolution and a supersolution of (19) in Q. Then, 

u<v in Q. 



Remark 2.1 The above comparison results hold in more general situa- 
tions. For example, Q can be R N by assuming that u and v are bounded, or 
the nonlocal operator can be in the form of 

— / [u(x + z) — u(x) — l\ z \ < i(z,Vu(x))]c(z)dz, x G 17, 

J{zeR N |x+2en} — 

with the Neumann type boundary condition on dQ, etc... We refer the read- 
ers to [5], [6] and [7]. 

In order to prove the above claims, we use the following two Lemmas. 
(See [7].) The first Lemma is the approximation by the supconvolution and 
the infconvolution. 

Lemma 2.3 

Let u and v be respectively a bounded viscosity subsolution and a bounded 
supersolution of (19). Define for r > 0, the supconvolution u r and the inf- 
convolution v r of u and v as follows. 

u r (x) = sup {u(y) -\x — y\ 2 } (supconvolution). (24) 
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v r (x) = mi^{v(y) + -^\ x — y\ 2 } (inf convolution) . (25) 

Then, for any v > there exists r > such that u r and v r are respectively a 
subsolution and a supersolution of the following problems. 

Xu r + F(x, W, VV) - / u r (x + z)- u r (x) 

— l| z |<i(^, Vu r (x))q(dz)}<v in Vt r . (26) 
Xv r + Fix, Viv, V 2 v r ) — / v r (x + z) — u r (x) 

— l| 2 |<i(2, Viv(x))g((fc)} > — v in Q r , (27) 
where £l r = {x £ il\ dist(x,d£l) > \/2Mr} for M = maxjsup^ \u\, sup^y \v\}. 



Remark that u r is semiconvex, v r is semiconcave, and both are Lipschitz 
continuous in R N . The second lemma comes from the Jensen's maximum 
principle and the Alexandrov's theorem (see [16] and [17]). The last claim of 
this lemma is quite important in the limit procedure in the nonlocal term. 

Lemma 2.4 Let U be semiconvex and V be semiconcave in Q. For 
4>(x,y) = a\x — y\ 2 (a > 0) consider $(x,y) = U(x) — V(y) — <p(x,y), 
and assume that (x,y) is an interior maximum of $ inQxQ. Assume also 
that there is an open precompact subset O of Q x Q containing (x,y), and 
that fj, = sup G $(x, y) — sup 9G y) > 0. Then, the following holds, 
(i) There exists a sequence of points (x m ,y m ) e O (m e N) such that 
hm m _ s . 00 (x m , ym) {%■, y), and(p m ,X m ) e J^{ + U{x m ), (p' m ,Y m ) e Jq V(?/ m ) 
suc/i that lim m __ >00 p m = lim m ^ 00 p^= 2a(x m - y m ) = p, and X m <Y m Vra. 
(m,) For P m = (p m -p, -ip' m -p)), $ m {x,y) = ®{x,y) - (P m , (x,y)) takes a 
maximum at (x m ,y m ) in 0. 

(Hi) The following holds for any z G R N such that (x m + z,y m + z) e O. 

U (x m + z)-U( m )- {p m , z}<V(y m + z)- V(y m ) - (p' m , z) . (28) 



We admit the above claims here. (In fact, the proofs of Lemma 2.3 and 
2.4 are not so difficult, see for example [16] and [17].) 
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Proof of Theorem 2.1. We use the argument by contradiction, and 
assume that maxjy(-u — v)— (u — v)(xo) = M > for x G fi. Then, we 
approximate w by w r (supconvolution) and t> by t> r (infconvolution), which 
are a subsolution and a supersolution of (26) and (27), respectively. Clearly, 
maXfy(-u r — v r )> Mo > 0. Let x G Q be the maximizer of u r — v r . In the 
following, we abbreviate the index and write u = u r , v = v r without any 
confusion. As in the PDE theory, consider $(x, y) = u(x) — v(y) — a\x — y\ 2 , 
and let (x, y) be the maximizer of Then, from Lemma 2.3 there exists 
(xm,y m ) G (m G N) such that lim m ^ 00 (x m , y m ) = (x,y), and we can take 
(e m , <5 m ) a pair of positive numbers such that u(x m + z)<u(x m ) + (p m , z) + 
\{X m z,z) + 5 m \z\ 2 , v(y m + z) > v(y m ) + (p' m , z) + |(y m z, - 5 m \z\ 2 , for 
V|2;|<£ m . From the definition of the viscosity solutions, we have 



By taking the difference of the above two inequalities, by using (28), and by 
passing m — > oo (thanking to (28), it is available), we can obtain the desired 
contradiction. The claim u<v is proved. 

Remark 2.2 As for the usage of (28) in the limit procedure m — > oo 
in the proof of Theorem 2.1, we refer the interested readers to the similar 
argument in the proof of Theorem 3.2 in below. 

3 Uniform Holder continuities of viscosity so- 
lutions 

In this section, we study the uniform Holder continuities of viscosity so- 
lutions of (1) in the cases of (I) and (II). 







v(y m + z)- v(y m ) - l\ z \<i(z,p' m )q(dz) > -v. 
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Theorem 3.1. 



Let N = 1, and let v be a viscosity solution of (1) satisfying (5). Assume 
that (2), (3) and (4) hold, where 7 G (0,2). Assume also that F satisfies (6) 
and (7), where there exist constants L > 0, pi > (i — 1,2) such that 

lim w{s)s- pl <L, lim r]{s)s- p2 <L, (29) 

and p\ + 7 > q, P2 + 7 > 2. Then for any 9 G (0, min{l, #0 + 7}); there exists 
a constant Cq > such that (11) holds. The constant Cg depends only on 
M > and d (l<i<3). 

Theorem 3.2. 

Let N > 2, and let v be a viscosity solution of (1) satisfying (5). Assume 
that (2), (3) and (4) hold, where 7 G (0,2). 

If F satisfies (7) and (10), where there exist constants L > 0, p\ > such 
that 

lim w(s)s- pl <L, (30) 

and pi + 2 > q, then for any 9 G (0, 1), there exists a constant Cg > such 
that (11) holds. The constant Cg depends only on M > and Cj (l<i<3). 

The following lemma gives the relationship between 5 and e in Definition 
1.1, and is used in the proofs in below. 



Lemma 3.3. 

Let 4>(z) = Cg\z\ e (z G R N ; ; 9 G (0,1), r ;>_0 ; and let z G {z G 
R N | \z\ < r, z 7^ 0} be fixed. Then, there exists C > such that for any 
5 > 0, and for any z G R N such that \z\<y, if z satisfies 

\z\<5C\z\ 3 - 6 , (31) 

we have 

\<Kz + z) -<Kz) - (Vcf>(z),z) - l -(V 2 4>(z)z,z)\<5\z\ 2 . (32) 
The constant C is independent on r, 9, and z. 
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Proof of Lemma 3.3. From the Taylor expansion of (f) at z 
^ + z)-0(z)-(V^) )Z )~{V J ^,z) = i E ^dtdz P dz Z) ^ 

i,j,k=l i 3 k 

for ze{^R N | M<y}, 

where p = p(z) G (0, 1). By calculating dx .g 3 J ) dXk , we see that there exists a 
constant C > independent on r, 0, 5 such that 

\<f>(z + z)- <f>(z) - (V(t>{z),z) - l -{W 2 <P(z)z, z)\<C\z + pz\ e - 3 \z\ 3 



for z e {z e R N | \z\ < u i. 

iii 2 



Then, if |z|<^|£ + pz| 



Since for |2|<-rr, 



C\z\ 3 \z + pz\ e ' 3 <S\z\' 2 . (33) 



-|5|<|i + pz|<2|£|, 
there exists C > independent on r, 6>, 8, and p such that, if 

\z\<SC\z\ 3 - e <^\z + pz\ 3 - e , (31)' 



then (33) holds. Therefore, if z satisfies (31) with the above C > 0, and if 
Mi 

2 



\z\ < ^, the inequality (32) holds. 



Proof of Theorem 3.1. Fix an arbitrary number G (0, 1). Let ro > 
be a small enough number which will be determined in the end of the proof. 
For Cq > such that 

C e rl = 2M, (34) 

we shall prove (11), by the contradiction's argument. For x,y G R N such 
that \x — y\ > ro, from (5) we have 

\v(x) - v(y)\<2M<C e \x - yf . 
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Assume that there exist x',y' E R N (\x' — y'\ < r ) such that 

\v(x')-v(y')\>C e \x'-y'\ e , 
and we shall look for a contradiction. Consider for r e (0, 1) 

y) = v(x) - v(y) - C e \x - y\ e - ^|x| 2 , 

and let (x, y) be a maximum point of $. Let us write (j)(x,y) = Co\x — y\ 9 , 
and calculate 

V x (p(x, y) = C e 9\x - y\ e ~ 2 (x - y) = -V y <p(x, y) 

V 2 x J(x,y) = Ce6\x-y\ e - 2 I+C e 6{6-2)\x-yr\x-y)®{x-y) = V 2 yy <f>(x,y). 
Put p = V x (f)(x, y) = -V y (f)(x, y), and Q = V 2 xx (f)(x, y) = V 2 yy <f)(x, y). Since 

$(£ + z,y) = v(x + z) - v(y) - C e \x + z - y\ e - -(x + zf 

J- 

<$(x, y) = v(x) - v(y) - C e \x - y\ e - -x 2 , 
for any S > there exists e > such that 

v(x + z) - v(x)<C e \x + z-y\ e - C e \x - y\ e + -(x + z) 2 - -x 2 (35) 
<(p + tx)z + ]-(Q + t)z 2 + 5z 2 for \z\ < e. 

Samely, since 

y + z) = v(x) — v(y + z) — Cg\x — (y + z)\ e — —x 2 

J- 

<<$>{x,y) =v(x)-v(y)-C e \x-y\ e --x 2 , 
for any S > there exists e > such that 

v(y + z)- v(y) > -{C e \x - (y + z)\ e - C e \x - y\ e ) (36) 

1 1 
> -(-pz + -Qz 2 ) - 5z 2 =pz + -{-Q)z 2 - 5z 2 for \z\ < e. 
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From the definition of viscosity solutions, by using the pair of numbers (e, 5) 
in (35) and (36), we have 

F(x,p + tx,Q + t)- [ -(Q + t + 25)z 2 c{z)dz 

J\z\<e 2 

— \ [v(x + z) — v(x) — l| z |<i(p + rx)z]c(z)dz — g(x)<0, 

J\z\>e 

and 



F(y,p,-Q)- [ U-Q-25)z 2 c{z)dz 

J\z\<e I 

- \ Hi) + z )~ v (v) - l\ z \<ipz]c(z)dz - g(y) > 0. 

J\z\>£ 



l\z\>e 

By taking the difference of the above two inequalities, we have the following. 

F(x, p + tx, Q + t)- F(y,p, -Q) 

~\ I (Q + r + 25)z 2 c(z)dz - - [ (Q + 25)z 2 c{z)dz 

2 J\z\<e 2 J\z\<e 

- / [v(x + z) — v(x) - l| z |<i(p + Tx)z]c(z)dz 

J\z\>e 

+ / [v(y + z)- v{y) - lw^pzjc^dzKgix) - g{y) + v. (37) 

J\z\>e 

We need the estimates. 
Lemma 3.4. 

The inequalities (35) and (36) hold with 

(s,6) = ( l -^,^ r \x- y r 2 ). (38) 

With this pair of numbers, by taking r > small enough, there exists a 

constant C > M such that the following inequalities hold. 

(a) 

F(x,p + rx,Q + r)-F(y,p,-Q) > -C(\x - y\^\p\" + \x - yHlQW)- (39) 
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0>) 

j Hi + ,) - - i Mo(p + rtw*)* - / MS + 3) - 

J|z|>£ "" J\z\>S 

-l\ z \<ipz]c(z)dz<cA\x - y\~ J . (40) 



Proof of Lemma 3.4. By putting z = x — y in Lemma 3.3, for 5 = 
^— |x — y| 0-2 , we can take 

e = mm{5C\x - y\ 3 ~ e , ^\x - y\} = ^\x - y\, 
so that (35), (36) hold. 

(a) From the continuity of F, (6), and (7), since Q<0, for r > (\x— y\ < r ) 
small enough, 

F(x,p + TX,Q + r) -F(y,p,-Q) 

= F(x,p, Q) - F(x,p, -Q) + F(x,p, -Q) - F(y,p, -Q) + o(r) 

> jpjflf-^-y) | |Qj | +o(t) > -Cdx-yl^bl^+lx-yl^HQH), (41) 

where C > M is a constant. 

(b) Since $(x, y) = v(x) - v(y) - C e \x - y\ e - \x 2 > $(0, 0) = 0, from (5), 

^x 2 <2M. (42) 

Thus, for r G (0, 1) 

T T l 

u(x + z) - v(y + z) — (v(x) - v(y))<-(x + zf - -x 2 <t^ (2M\z\ + \z\ 2 ), 
and from this 

I M f + ,)-,(*)-l w<1 (p + rt),]c(^-/ [.» + ,)-»») 
-l|«l<ipz]c(z)d;z< / r5(3M|z|+z 2 )c(^)^ 

J|z|>£ 

(43) 
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From (3) and (38) 



/ r^(3M\z\ + z 2 )c(z)dz<r^Cm^{l,\x-y\ 1 ~^}<CT^\x-y\- 1 , (44) 

J\z\>e 

where C > M is the constant. By plugging (44) into (43), we get (40). 

We put the estimates (39)-(40) in (37), and since v > can be taken 
arbitrarily small, 

C- x C e \x - y\ 6 -'<C(\x - yr\p\ q + yH\Q\\ 

+2T^\x-y\^< + M\x-y\ e °). (45) 

From (34), 9 G (0, min{l, 9 + 7}), pi + 7 > q, p 2 + 7 > 2, and since we can 
take r e (0, 1) arbitrarily small, for r > (\x — y\ < r ) small enough, we 
get a contradiction. Thus, the claim in Theorem 3.1 is proved. 

Proof of Theorem 3.2. We use the similar contradiction argument as in 
the proof of Theorem 3.1. For an arbitrary fixed number 9 e (0, 1), and for 
r > small enough, let Co > be such that (34): 

C e r e = 2M, 

and we shall prove (11) by the contradiction's argument. As before, assume 
that there exist x',y' G R N (\x' — y'\ < r ) such that 

V ( X >)- V (y>) > C e \x'- y y, 

and we shall look for a contradiction. However, we must modify the preceding 
argument, because for iV > 2 the matrix Q = V 2 xx 4>(x, y) = Vy y <p(x, y) (<fi is 
the function in the proof of Theorem 3.1) is no longer negatively definite, and 
we have to use Lemma 2.4. For this reason, let us consider the supconvolution 
v r and the inf convolution v r of v defined by (24) and (25), respectively. From 
Lemma 2.3, for any v > there exists r\ > such that v r (Vr G (0, ri)) is a 
subsolution of 

F(x, Vv r (x), VV(x)) - 1^ [v r (x + z)- v r (x) 

-l\ z \< 1 (Vv r {x),z)]c{z)dz - g{x)<y x G R N , (46) 
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and v r (Vr G (0,ri)) is a supersolution of 

Vv r (x), V 2 v r {x)) — I [v r (x + z) — v r (x) 

-l lzl <i(Vv r (x), z)]c(z)dz -g(x) > -v x G R N . (47) 
Of course from the preceding assumption, for Vr G (0, r ) 

v r (x>) - v r (y') > C e \x> - y'\ 6 . 

Now, consider for r G (0, 1) 



$(x,y) = v r (x) - v r (y) - C e \x - y\ e - -\x\ 



and Q = Vl x (f)(x,y) = V 2 y (p(x,y). We use Lemma 2.4 for U = v r — ||x| 2 , 
and V = v r , and for O = {(x,y) G R 2N ||x — y\ < r }, and we know that 



and let (x,y) be a maximum point of $. Put p = V x (f)(x,y) = —V y (f)(x,y), 

yy^ 
= { 

there exists (x m ,y m ) G R 2N such that lim m ^ 00 (x m , y m ) = (x,y). There also 
exist (p m + Tx m ,X m + tI) G J^v r (x m ), (p' m ,Y m ) G J^v r (y m ) such that 
lim m ^. 00 p m = lim m ^ 00 jo^ n = 2a(x m - y m ) = p, and X m <y m Mm. Moreover, 
the claim in Lemma 2.4 (iii) leads the following for any z G R N such that 
(x m + z,y m + z) G O 

v r (x m + z)- v r (x m ) - {p m , z) - {v r (y m + z)- v r (y m ) - (p' m , z)} (48) 

7" . |2 7" j |2 7" , . . i 1 2 ^ 

— ^ ^ m ^' ^ ' m ' = \*^ m ' l^l J ' 
Let (e m , 5 m ) be a pair of positive numbers such that 

v r (x m +z)<v r (x m ) + ((p m +rx m ),z)+^({X m +Tl)z, z)+5 m \z\ 2 if \z\<e m , 

(49) 

and 

u r (2/m+^) > v r (y m )+{p' m ,z)+^{Y m z,z)-5 m \z\ 2 if |z|<e m . 



(50) 

F(x m ,p m + Tx m ,X m + rJ) - / ^((X m + (T + 25 m )J)z,2)c(2)d2 



Then, from the definition of viscosity solutions, we have 

1 

<\z\<e. 
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I\Z\>6 

and 



- / [v r (x m + z) - v r (x m ) - l\ z \<i((p m + rx m ),z)]c(z)dz - g(x m )<u, 
mi Pirn Y m )- / -((Y m -25 m I)z,z)c(z)dz 

J\z\<e m I 

- I [v r (y m + z)- v r {y m ) - 1| 2 |<i(i4, z)]c(z)dz - g(y m ) > -v. 

J\z\>e m 

By taking the difference of the two inequalities, 

F(x m , p m -\-Tx m , X m -\-Tl) F(y m , p m , Y m ) 

-\ [ {{X m - Y m + (r + 45 m )I)z, z)c(z)dz 

l J\z\<e m 

<2v+ / [v r (x m +z)-v r '(x m )-l\ z \<i(p m +TX m , z)}c(z)dz 

J\z\>e m 

- / [vr{ym + z) - v r {y m ) - l\ z \<i{p' m , z)]c(z)dz + g(x m ) - g(y m ) 

J\z\>s m 

<2v + / ^-\z\ 2 c(z)dz [{v r (x m + z) - v r (x m ) 

J\z\>e m nO m (z) I J\z\>e m nO m (z) c 

-l\z\<i{Pm + rx m , z)} - {v r (y m + z)- v r {y m ) - l\ z \<i(p' m , z)}], 

where 

m (z) = {z e R N | (x m + z,y rn + z) e Q x n}. 

Since lim m _ s>00 (a: m , y m ) = (x,y) G f2 x f2, there exists a ball B(0) C R N , 
centered at the origin, independent on m G N, such that B(0) C O(z) = 
lim^oo O 

(x m + z,y m + z) G VL x Q G B{0), Vm G N. (51) 
Then, by pussing m — > oo in the above inequality, we get 
F(x,p + rx,X + rI)-F(y,p,Y) 

<2u + ( -\z\ 2 c(z)dz+ [ \{v r (x + z) - v r (x) 
Jo(z) 2 Jo{zY 

-1|z|<i(p + t:M)} - Mv + z) ~v r (y) - l\ z \<i(p, z)}\c{z)dz. 

<C(v+M)+ -\z\ 2 c(z)dz+ [ T\x\\z\c(z)dz, 
~ 7rn2' J{\z\<i}no(zr 
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where C > is a constant, and we have used the fact that (x,y) is the 
maximizer of $. From (2) and (34), and since 0(z) c C -B(0) c , for < r < 1, 

F(x,p + rx,X + r/) -F(y,p,y)<C(z/ + M + r5), (52) 

where C > is a constant. We shall give the estimate of the left-hand side 
of the above. 

Lemma 3.5. 

There exists a constant C > M such that the following holds. 

F(x,p + rx,X + rl) - F(y,p,-Y) > ^\x - y\ e ~ 2 + o(r). (53) 

Proof of Lemma 3.5. From the continuity of F, (7), (10), and (42) 
(which is also true for N > 2), 

F(x 1 p + rx,X + rI)- F(y, p, -Y) = F(x, p, X) - F(y, p, -Y) + o(r) + o(u') 

= F{x, p, X) - F(x, p, -Y) + F(x, p, -F) - F(y, p, -Y) + o(r) + o(u') 

> -X Tv(X + Y) - w(\x - y\)\p\ q ~ - y\W\\ + o(r) + o(u'). (54) 

We need the following lemma, the proof of which is delayed in the end. 
Lemma 3.6. 

// A, B, and Q e S N satisfy 

( A o° B )4 

then there exists a constant L > such that 

\\A\\, \\B\\ <L\\Q\\^\Tr(A + B)\l 
The constant L depends only on N. 
Remark that 

-Tr{X -Y)> C e 0{\ -6)\x- y\ e ~ 2 > 0, (56) 
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because , X - Y<2Q, X - Y<0, and for 0<P = (£ ~ffff~ g) </, 

Tr(X - Y)<Tr(P(X - y))<2Tr(PQ) = 2C e 6(6 - l)\x - yf' 2 < 0. 

Therefore, by putting A = X and B = Y in Lemma 3.6, and by taking r > 
(\x — y\ < r ) small enough, from (56) 

V(\x - y\W\\<K'C e ri(\Z - y\)\x - y\ e ' 2 <KC e \x - yf' 2 , 

where K, K' > are constants. For r > (\x — y\ < r ) small enough, from 
(29) and (34) 

W (\ X - y\)\p\« = W (\ X - y\)C$\x - y\^ 

<L(C e \x - y\ e y\x - y\ pl ~ q <^C e \x - yf' 2 . 
Therefore, from (54) and (56), 

F(x,p + rx, X + tI)- F(y,p, Y)>^\x- yf' 2 + o(r), 
where C > M is a constant. We showed (53). 

By plugging (53) into (52), since v > can be taken arbitrarily small, for 
any < 6 < 1, we get a contradiction for r > (\x — y\ < r ) small enough. 
We have proved (11). 

Finally, we are to prove Lemma 3.6. 

Proof of Lemma 3.6 By multiplying the matrix 

C -'.) 

to the both hand sides of (55) first from right and then from left, we get 

A+B A-B\ ( O O \ 
A-B A + B )-[o 4Q J ' 

Thus, for any t G R and £ G R N 

(«0(2!2^)(?)*(«0(g £)(?)■ 

20 



and 

t 2 (£, (A + B)0 + 2t<£, (A - B)0 + (£, (A + 5)0 - 4(£, Q£><0. 
Hence, for any |£| = 1, 

(e, (a - b)o 2 <(z, (a + B)om, qo - & (a + b)0). 

This yields (£,(A + B)£) 2 <4\\A + B\\ ■ \\Q\\, and since \\A + B\\<C\Tr(A + 
B)\ ' WQW where C > is a constant depending only on iV > 0, we proved 
the claim. 

4 Other Holder continuities of viscosity solu- 
tions 

In this section, we shall study (12): 

\v(x) + H(Vv(x)) - I [v(x + z) - v(x) 

-l\ z \<i(Vv(x),z)]c(z)dz-g(x) = x e T N , 

and (13): 

A,(x) + F(a;,V,(x),VVx))-/ [„(* + *)- v(x) 

-l| 2 |<i(Vf(x),^)]c(z)^ = x G T N , 

where A > 0. We consider the case other than (I) N — 1, and (II) F is 
uniformly elliptic. So, we are interested in the case of iV > 2, and F (or H) 
is degenerate elliptic. We assume the conditions (14)-(16). 

Example 4.1. The following is an example of F satisfying the condi- 
tions (14)-(16). 

N-l Q2 U N-l Q u Q u 

- E a ^^ x ) ~ E + l^^l x G tN ' 
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where aj(x) > 3Ai > and bi(x) (l<i<N — 1) are periodic in T N . Or, more 
generally the following Hamilton- Jacobi-Bellman operator satisfies (14)-(16). 

N d 2 u N du 
F(x,u,Vu,V 2 u) = sup{- ctij(x,a)—— J2bi(x,a) — 

a<=A ij=l OXiUXj i=1 OXi 

+c(x,a)u- f(x,a)} x G T N , (57) 

where A a given set (controls), (dij(x, a) G S N (a G A) non-negative matrices 
periodic in T N such that there exist matrices a a (a G A) of the size N x k, 



A a = (aij(x,a)) = a(x,a) T a(x,a), 
A' a > XJ M , A a = ( f° A ^ V A' a G S M (M < N), 



where Ai > 0, and b(x, a) —(bi(x,a)) G R^, c(x,a) G R are bounded, peri- 
odic in T N , and regular enough. 

We shall give the results. 

Theorem 4.1. 

Let v be a periodic viscosity solution of (12) satisfying (5). Assume that 
(2), (3), (4), and (U) hold, where 7 G (0,2), and A > 0. Let H(p) = \p\ q , 
where q > 1. Then, for any 9 G (0, 0$), there exists a constant Ce > such 
that (17) holds. The constant Cq does not depend on A G (0, 1). 

Theorem 4.2. 

Let v be a periodic viscosity solution of (13) satisfying (5). Assume that 
(2), (3), (4), (14), (15) and (16) hold, where 7 G (0,2), A > 0, and that 
there exist constants L > 0, pi > (i — 1,2) such that 

lim w(s)s~ pl <L, \imr](s)s~ P2 <L, (58) 

where pi + 7 > q, p 2 + 7 > 2. Then, for any 9 G (0, #0) there exists a constant 
Cg > such that (17) holds. The constant Cg does not depend on A G (0, 1). 
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Proof of Theorem 4.1. We use the contradiction argument similar to 
that of Theorem 2.1. Fix 9 G (0, 6 ), and let r > be small enough. Let us 
take Cg > such that 

C e r e = 2M, (59) 

and we shall prove (17) (for ^ = Cg) by contradiction. For x,y G T N such 
that \x — y\ > ro, from (5) we have 

|v(x)-u(y)|<2M<£ e |a;-y|*. 

Thus, assume that there exist x', y' £ T N (|x' — y'\ < r ) such that 

v(x')-v(y / )>Ce\x'-y'\ e , 

and we shall look for a contradiction. As in the proof of Theorem 3.2, take 
the supconvolution v r and the inf convolution v r of v, which are respectively 
the subsolution and the supersolution of the following problems. 

\v r {x) + H{Vv r {x)) - f [v r (x + z)- v r {x) 

-l\ z \< 1 (Vv r {x),z)]c{z)dz - g(x)<v x e T N , 

\v r (x) + HCVvJx)) — / [v r (x + z) — v r (x) 

-l\z\<i(Vv r (x), z)]c(z)dz - g(x) >-v x e T N , 
where v > is an arbitrary small constant. Remark that 

v ^ x ')-v r ( y ')>Cg\x'-y'\ e 

holds for \x' — y'\ < r . Consider 

$(x, y) = v r (x) - v r (y) -C e \x- y\\ 

and let (x,y) be a maximum point of $. Let us write (f>(x,y) = Cg\x — y\ 9 . 
For 

V x (j)(x, y) = C e 6\x - y\ ~ 2 (x - y) = -V y (j)(x, y), 

V 2 x J(x,y) = C d e\x-y\ e - 2 I+Cg9(9-2)\x-y\ e - 2 (x-yMx-y) = V 2 yy cf>(x,y), 

put p = V x (j)(x,y) = -V y (f)(x,y), and Q = V 2 xx (j)(x,y) = V 2 yy (j)(x,y). As 
in the proof of Theorem 3.2, by using Lemma 2.4 for U = v r , V = v r , and 
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O = {(x, y) G R 2N ||x — y\ < r }, we know that there exists (x m ,y m ) G T 2N 
such that ]im m ^ 00 (x m ,y m ) = (x,y). There also exist (p m ,X m ) G J^v r (x m ), 
(p'm, Y m) G J^v r (y m ) such that lim m ^ 00 p m = lim m _, 00 p^= 2a(x m -y m ) = p, 
and I m <7 m Vm. The claim in Lemma 2.4 (iii) leads for any z G R N such 
that (x m + z,y m + z) G O, 

w r (x m + z) - v r (x m ) - (p m , z) - {v r (y m + z) - v r (y m ) - (p' m , z)}<0. (60) 

Let (e m , S m ) be a pair of positive numbers such that 

v r (x m + z)<v r (x m ) + (p m ,z) + ^(X m z,z) + S m \z\ 2 if \z\<e m , (61) 
and 

v r (y m + z) > v r (y m ) + (p' m ,z) + ^(Y m z,z) - S m \z\ 2 if \z\<e m . (62) 

By using the similar argument as in Theorem 3.2, from the definition of 
viscosity solutions, we have the following. 

\(v r (x m )-v r (y m ))+H(p m )-H(p' m ) 

~ f ((X m + 2S m I)z, z)c{z)dz - \ f ((Y m - 2S m I)z, z)c{z)dz 

£ J\z\<e m £ J\z\<s m 

_/ [✓(*. + z)^)-i w<I<fc , 

J\z\>e m 
+ 



/ [v r (y m + z)- v r (y m ) - l\ z \<i{p' m , z)]c(z)dz<g(x m ) - g(y m ) + 2v. 

J\z\>£ m 

Remarking that X m <Y m and (60) hold, and by using the similar argument 
as in Theorem 3.2, we can pass m — > oo in the above inequality to have 

X(v r (x) - v r (y))<g(x) - g{y) + 2u, 

and since v > is arbitrary, we have 

\C e \x- y\ e <M\x - y\ e ° . 

Since Co = ™, the above leads 

2\<r d °. 
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However, if we take for an arbitrarily fixed c > ^, 

r = A c , C e = ^, (63) 

we get a contradiction for any A G (0, 1). Therefore, for < 6 < O , by taking 
c=\ and thus Ce = we proved our claim for Co = 2M 

v(x) - v(y)<C e \x -y\ e = ^\x- y\ e Vx, y G T N 



Proof of Theorem 4.2. The argument is similar to that of Theorem 4.1, 
and we omit the proof. 



5 Strong maximum principle 

In this section, we consider 
Fix, V«, VV)- / \u(x+z)-u(x)-(Vu(x), z)]c(z) = Vx G R N , (64) 

JR N 

where F satisfies (6) and 

F(z,0,O) > ViGR N . (65) 
We assume the following condition. 

(Almost everywhere positivity) : For any open set D G R N , 

/ lc(z)dz > 0. (66) 
JzeD 

Our strong maximum principle is the following. 
Theorem 5.1 ([9]). 

Consider the integro- differential equation (64), and assume that (2), (3), 
(65), and (66) hold. Let u be a viscosity subsolution of (64), and assume that 
it takes a maximum at a point x G R N , i.e. 

u(x)<u(x ) Vx G R N . (67) 
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Then, u is constant in R almost everywhere. 
Proof. From (67), for p = and X — O, 

u(x + z)<u(x ) + (0, z) + -{Oz, z) + 5\z\ 2 if \z\<e 

holds for any 5 > and e > 0. Hence, from the definition of viscosity 
subsolution 

F(x ,0,O)- [ l((0 + 25I)z,z)c(z)dz 

J\z\<E 2 

- / [u(x + z) - u(x ) - (0, z)]c(z)}<0, 

J\z\>s 

holds for any 5 > and e > 0. So, from (65) we have 

/ \u(xo) - u(x + z)]c(z)<0 

J\z\>e 

holds for any e > 0. Therefore, from (3), (66), and (67), 

u(x)<u(x )<u(x) almost everywhere in x G R N , 
and the claim is proved. 

Remark 5.1. We shall use the above strong maximum principle to solve 
the ergodic problem in the next section. 



6 Ergodic problem for integro-differential equa- 
tions 

In this section, we apply the results in preceding sections to solve the 
ergodic problem in T N . We shall study the existence of a unique number df 
such that the following problem has a periodic viscosity solution. 

d f + F(x, Vu, VV) - J n [u(x + z) - u(x) 

-l lzl ^(Wu(x),z)]c(z)dz - f(x) = x G T N . (68) 
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For this purpose, we consider the approximated problem: 
Xux + F(x,Vu x ,V 2 ux)- I [u x (x + z)-u x (x) (69) 

./R N 

-l w <i(Vu A (a;), z)]c(z)dz - f(x) =0 x G T N , 

where A G (0, 1), and we shall see whether there exists the following unique 
limit number 

lim \u\(x) — df uniformly in T N . 

A4^0 

We assume that F satisfies (22), and that the following hold. 
(Periodicity) : 

F(-,p,X), /(•) are periodic in x G T N , \/(p,X) G (R, N x S N ). (70) 

(Homogeneity) : The partial differential operator F is positively homoge- 
nious in degree one 

F(x,Zp,ZX)=ZF(x,p,X) 

V£ > 0, \/x G T N , Vp G R N , VX G S N . (71) 

As we have seen in Theorem 2.2, under (22) and (70), the comparison 
result holds. From the Perron's method (see [5] and [6]), it is known that 
there exists a unique periodic viscosity solution u\ of (69) for any A G (0,1). 
Now, we state our main result. 



Theorem 6.1. 

Let u\ (X G (0, 1)) be the periodic viscosity solution of (69). Assume that 
the conditions in Theorem 5.1, (22), (70), and (71) hold. Fix an arbitrary 
point x G T N . Then, the following hold. 

(i) Assume that the conditions in Theorem 3.1, or those in Theorem 3.2 hold. 
Then, there exist a unique number df and a periodic function u such that 

lim \u\(x) — df, \im(u\(x) — u\(xo)) = u(x) uniformly in T N , (72) 

such that (68) holds in the sense of viscosity solutions. 

(ii) Assume that the conditions in Theorem 4-1, or those in Theorem 4-2 
hold. Then, there exists a unique number df such that 

\jm\u\(x) — df uniformly in T N , 
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which is characterized by the following. For any v > there exist a periodic 
viscosity subsolution u and a periodic viscosity supersolution u of 

d f + F(x, Vm, V 2 m) - J N [u(x + z) 

-u{x) - 1| z |<i(Vm(x), z)\c{z)dz - f(x)<y x G T N , 
d f + F(x, Vm, V 2 U) - J [u(x + 2) 

-u(x) - l\ z \<x{Vu{x),z)\c(z)dz - f(x) >-v x E T N . 



Proof of Theorem 6.1. (i) We shall prove the claim in the following three 
steps. 

(Step 1.) We prove the uniform boundedness of v x (x) = u x (x) — u x (x ) : 

\v x (x)\ = \u x (x) - u x (x )\<3M' Mx E T N , VA G (0, 1), (73) 

by a contradiction argument. Assume that there exists a subsequence A' — > 
such that 

lim Iva'Il 00 = 00, (74) 

and we shall look for a contradiction. Put ^a(^) = • By (71), remark 

that w\ satisfies 



Xw x + F(x, Vw x , V 2 w x ) - / [w x (x + z) - w x (x) 



-l\ z ^(Vw x {x\z)\c{z)dz - f{x \ ^ A(Xo) =0 x E T N , (75) 
and that 

|wa|l<» = 1, »a(io) = VAG(0,1). (76) 

From the comparison result for (69), there exists a constant C > such 
that |A-Ua|l°° < C (VA G (0, 1)), and thus from (74) and (76) there exists a 
constant M > such that 

, x / fix) — X'uy(x ) . , , 

\V\'\L°° 
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Therefore, by applying Thorems 3.1 and 3.2 to (75) for g = —(\'w\> — 
f(x)-xu x ,(x ) \ an( j q _ q we k now fash there exist 6 G (0, 1) and a con- 

stant Cq > such that 

-^A'(|/)|<C e |x-|/| e Vx, 2/ G T N . 

So, by the Ascoli-Alzera theorem, there exists an Holder continuous function 
w such that 

lim w\>(x) = w(x) uniformly in T N , 

and from (76) 

\w\l°° = 1, itf(xo) = 0. 

Moreover, by putting A = A' in (75), and by passing A' — > 0, since the limit 
procedure of viscosity solutions, introduced by Barles and Perthame [11] (see 
also [5] and [16]), is valid for the present nonlocal case, we see that w is a 
viscosity solution of 



F(x, Vu> , V 2 w) — / [w(x + z) — w(x) 



-l ]zl < 1 (Vw(x),z)]c(z)dz = VxG T N . (77) 

However, since F satisfies (65), by the strong maximum principle (Theorem 
5.1), and by taking account that w is periodic in T N , we see that w is almost 
everywhere constant in T N . This contradicts to the fact that w is an Holder 
continuous function such that \w\l°° = 1 and w(xq) = 0. Therefore, the 
assumption (74) is false, and we have proved (73). 

(Step 2.) From Step 1, we see that v x (A G (0, 1)) satisfies (73) and 

F(x, Vv x , V 2 v x ) - / [v x (x + z) - v x (x) 

JR N 

-l lzl < 1 (Vv x (x),z}}c(z)dz-(f-\u x (x )-\v x ) = in T N , (78) 
and there exists M > such that 

\f(x) — Xu x (x ) — Xv x (x)\ < M Vx e T N , VAG(0,1). 

We apply again the result in Theorems 3.1 and 3.2 to (78), and see that there 
exist 9 G (0, 1) and a constant Cg > such that 

\v x (x) - v x (y)\<C e \x - y\ d Vx, y G T N , VAg(0,1). 
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So, we can take a subsequence A' — > of A — > such that 

hm V\/(x) = hni (uy(x) — uy(x )) = 3u(x) uniformly in T N , 

lim X'uy(x) = Hm X'uy(x ) = df uniformly in T N . 

In the next step, we shall prove that the limit df is independent on the choise 
of the subsequence A' — > 0. 

(Step 3.) We shall prove the uniqueness of the limit number df obtained 
in Step 2. Let (df, u), and (d'f, u') (df ^ d'f) be two pairs of the limit numbers 
and the limit functions. Thus, 

df + F(x, Vu, V 2 u) - f [u(x + z) - u(x) 

-l lzl < l (Vu(x),z)]c(z)dz-f(x) = in T N , 



and 



d'f + F(x, V«', V 2 u') - f [u'(x + z)- u'(x) 



-l ]z \< 1 (Vu'(x),z)]c(z)dz- f(x) =0 in T N . 

We may assume that d'f < df, and by adding a constant if necessary we may 
also assume that u > u'. For any small v > 0, by choosing A > small 
enough we see that u and u' are respectively a viscosity subsolution and a 
viscosity supersolution of the following problems. 

-l\ z \< l (Vu(x),z)]c(z)dz- f(x)<y - df in T N . 

Am' + F(x, Vu', V V) - ^ [u'(x + z) - u'(x) 

-l\ z \< l (Vu'(x),z)]c(z)dz - f(x) >-v- d' f in T N . 
Then, from the comparison result 

< X(u - u')(x)<d' f -df < 0, 
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which is a contradiction. Thus, df is the unique number such that (68) has 
a viscosity solution. We have proved the claim of (i). 



(ii) We treat the case that the partial differential operator is F. (The 
proof for the case of H is same, and we omit it.) Let v \ = u\ — u\(xo), and 
put \v\\oo = -w We shall prove the claim in the following three steps. 
(Step 1.) If for a subsequence A' — > 0, linry^oCV = 0, then 

\X'u X '(x) - A'M A /(a;o)|oo = A'|vv|oo = C x > ->■ 0, 
which implies the existence of a constant 



df — lim \'u\i (x) — ]jm X'ux'(xo) uniformly in T N . 

(Step 2.) Now, assume that for any subsequence A' — > 0, Cy does 
not converge to zero. That is, there exists a number Cq > such that 
liminf A _> CA > C > 0. From the comparison result for (69), |^a|oo<^-, 
and thus < C\<2M (VA G (0, 1)) holds. Hence, we can take a subsequence 
A' — > such that limy^ CV = C (lim A /^ A'|mv — ma'(xo)|oo = C), where 
C <C<2M. For simplicity, we shall use A in place of A'. Then, for w\ = 
we have 



Xw x + F(x, Vw A , V 2 w a ) - / [wx(x + z)- w x (x) 



-(V«; A (a;),z)]c(z)dz-^-(/(a;)-A« A (a;o)) = in T N , (79) 

where |wa|oo = 1, ^a(xo) = 0, limA-^o C\ = C. Here, we claim that for a 
constant 9 G (0, #o), there exists Cq > independent on A G (0, 1) such that 

Ma) -^(y)|<C e |x-y| e , (80) 

which can be proved by the similar contradiction argument used in the proof 
of Theorem 4.2, and which we omit here. 

From (80), there exists a subsequence A' — > such that lim^o wy(x) = 
3w(x), where the limit w is also Holder continuous, |io|oo = 1, w(x ) = and 
is the viscosity solution of 



Fix, Vu>, V 2 «j) — / [w(x + z) — w(x) — CVw(x), z)]c(z) = 



in T N . 
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However, the strong maximum principle (Theorem 5.1) asserts that w is al- 
most everywhere constant, which is a contradiction. Therefore, liminfy^o Cy 
C > is false. 

(Step 3) From Steps 1 and 2, we see that there exists a subsequence A' — > 
such that limy^o \'uy(x) — df uniformly in T N . Therefore, for any v > 
there exists A' > small enough such that 

df + F(x,Vu X ',V 2 uy) - \u\>(x + z) 

-uy(x) - 1| 2 |<i(Vm A '(z), z)\c{z)dz - f{x)<u x G T N , 

(81) 

df + F(x, V-ua', V 2 m A /) - / [w A /(x + z) 

— uy(x) — 1| z | <1 (Vma'( x )! ^)]c(z)rfz — f(x) > —v x £ T N . 
The uniqueness of df can be proved in a similar way to the proof for (i). 



References 

[1] Y. Achdou and O. Pironneau, Computational methods for option pric- 
ing, in preparation. 

[2] M. Arisawa, Ergodic problem for the Hamilton- Jacobi equations I, 
-Existence of the ergodic attractor. Ann. I. H. P. Anal. Non Lineaire, 
14(1997),pp.415-438. 

[3] M. Arisawa, Ergodic problem for the Hamilton- Jacobi equations II. 
Ann.I.H.P. Anal. Non Linearire, 15(1998), pp.1-24. 

[4] M. Arisawa, Some regularity results for a class of fully nonlinear degen- 
erate elliptic second-order partial differential equations, RIMS, Kyoto 
University, 1323 (2003), pp.45-58 

[5] M. Arisawa, A new definition of viscosity solution for a class of 
second-order degenerate elliptic integro-differential equations, Annalles 
de I.H.P. Analyse nonlineaire, Volume 23, Issue 5, September-October 
(2006), pp. 695-711. 



32 



[6] M. Arisawa, Viscosity solution's approach to jump processes arising in 
mathematical finances, Proceedings of 10th International conference on 
mathematical finances sponcered by Daiwa securuty insurance, Dep. of 
Economics in Kyoto U (2005). 

[7] M. Arisawa, Corrigendum for the comparison theorems in "A new defi- 
nition of viscosity solution for a class of second-order degenerate elliptic 
integro-differential equations", Annalles de I.H.P. Analyse nonlineaire, 
Vol 24, Issue 1, January-February (2007), pp. 167-169. 

[8] M. Arisawa, and P.-L. Lions, On ergodic stochastic control. Comm. Par- 
tial Differential Equations, 23(1998), no.11-12, pp.2187-2217. 

[9] M. Arisawa, and P.-L. Lions, work in progress. 

[10] M. Bardi, and F. Da Lio, On the strong maximum principle for fully non- 
linear degenerate elliptic equations. Arch. Math. 73(1999), no. 4, pp. 276- 
285. 

[11] G. Barles, and B. Perthame, Exit time problems in optimal control 
and the vanishing viscosity method. SIAM J. Control Optim. 26 (1988), 
1133-1148. 

[12] A. Bensoussan, and J.L. Lions, Impulse control and quasi-variational 
inequalities, Gauthier-Villars, Paris. 

[13] C.E. Cancelier, Problemes aux limites pseudo-differentiels donnant lieu 
au principe du maximum, Comm. Partial Differential Equations, 11 (15) 
(1986), pp.1677-1726. 

[14] R. Cont, and P. Tankov, Financial Modeling with jump-diffusion pro- 
cesses, Chapman and Hall/CRC Press, 2003. 

[15] R. Cont, and E. Voltchkova, Integro-differential equations for option 
prices in exponential Levy models, Finance Stochast. 9 (2005), pp. 299- 
325. 

[16] M.G. Crandall, H. Ishii, and P.-L. Lions, User's guide to viscosity solu- 
tions of second order partial differential equations. Bulletin of the AMS, 
vol.27, no. 1 (1992). 



33 



[17] W.H. Fleming and H.M. Soner, Controlled Markov processes and Vis- 
cosity solutions, Springrt-Verlag 1992. 

[18] M.G. Garroni, and J.L. Menaldi, Second-order elliptic integro- 
differential problems, Chapman and Hall/CRC, Research notes in math- 
ematics, 430, 2002. D. Gilbarg, and N.S. Trudinger, Elliptic partial dif- 
ferential equations of second order. 2nd Ed., Springer- Ver lag, New York, 
1983. 

[19] C. Imbert, A non-local regularization of first order Hamilton-Jacobi 
equations, to appear in J. Differential Equations. 

[20] H. Ishii, and P.-L. Lions, Viscosity solutions of fully nonlinear 
second-order elliptic partial differential equations. J. Differential Eqs, 
vol.83(1990), pp.26-78. 

[21] Y. Miyahara, Minimal entropy martingale measure of jump type price 
processes in incomplete assets markets, Asia-Pacific Financial Markets, 
6, pp.97-113, 1999. 

[22] K.-I. Sato, Levy processes and infinitely divisible distributions, Cam- 
bridge University Press, Cambridge, UK, 1999. 

[23] B. Oksendal, and A. Sulem, Applied Stochastic Control of Jump Diffu- 
sions, Springer Verlag, Universitext, 2005. 



34 



